This paper presents a potential energy approach for the investigation of the stability of bubbly liquids. Using the system's free energy variations with respect to the void fraction as a stability criterion for the whole system, we consider that sudden bubble expansion occurs only when the bubble cluster expansion is energetically favorable. The results obtained provide new insight into the behavior of pre-nucleated liquids when the inception point is reached as well as a simple method to estimate the energy exchanges between a bubble cluster and its environment when the kinetic energy is negligible compared to the elastic energy stored during tension and compression processes. In addition to the radius of the initial nuclei, the concentration and polydispersity are shown to exert an important influence on the response of the system after inception. C 2014 AIP Publishing LLC. [http://dx
I. INTRODUCTION
The stability of bubbly liquids finds interest in various applications related to the phenomenon of bubble inception. In general, the cavitation inception point is defined in terms of the cavitation number. Below a certain critical value, a sudden vaporization of the liquid and subsequent bubble growth is observed. Blander and Katz 1 made a complete review of classical theories and more recently, Uline and Corti 2 and Shen and Debenedetti 3 have proposed new theories. Theories based on statistical mechanical approaches describe the process of nucleation at the molecular level, predicting the nucleation rate at given conditions.
To experimentally reach the homogeneous nucleation limit in standard liquids is extremely difficult. 4, 5 In practical applications with standard fluids, such as water, bubble nuclei already present in the system lead to the sudden appearance of bubbles once the inception point is reached. Thus, it is commonly accepted that this process is controlled by the bubble nuclei initially present in the system. Recent experimental techniques have shown that even in degasified liquids, small bubble nuclei, called surface nanobubbles, remain in the system, tending to stick to the solid's surface. 6 The size of these bubble nuclei can vary from the order of nanometers to tenths of micrometers, depending on the degree of degasification of the liquid. Remarkably, these nanobubbles can persist in the liquid for days, 7 which contradicts the quick dissolution rates that one may expect from the pressure gradient generated at the interface as a consequence of the Laplace term.
The effect of the bubble nuclei in practical applications is clearly shown by Keller, 8 who compares the critical cavitation number for tap, degassed, and filtered tap water. When nuclei are extremely small, the system is stable to very large negative pressures. 9 This process is analogous to the large temperatures locally reached during the process of bubble nucleation in boiling. 10 Various parameters that influence the concentration and characteristics of these nuclei are also known to play an important role in the process. 11 Acosta and Parkin, 12 Rood, 13 and Brennen 14 15 present a model to capture the influence of the main parameters on the process of bubble nucleation. These studies stress the importance of additives, liquid properties, and surface smoothness. Finally, the gas content (e.g., the initial volume fraction of bubbles) also plays an important role in the process of nucleation and the posterior dynamic response of the system. Above a certain concentration, the injection of air reduces the intensity of the shock waves generated by the bubble collapse in hydrofoils. 16, 17 More recently, Ida et al. 18 have investigated the influence of microbubbles on the damage induced by pressure waves.
The stability of a single bubble is typically investigated using the linearized version of the Rayleigh-Plesset equation. 19, 20 If the mass of gas does not change significantly during the characteristic time of the tension process, the bubble is unstable for pressures below a certain critical pressure. The bubble radius in equilibrium with this critical pressure is known as Blake's radius. 19 This analysis is taken as reference for most engineering applications given that the investigation of more general situations involving multiple bubbles is difficult. For instance, there are few theoretical works in the literature dealing with the effect of the initial content of air in the system (problem numerically studied by Ida et al. 21 ) on the process of bubble inception. In this paper, we use classical thermodynamic concepts to investigate the stability of prenucleated liquids. The derivative of the system's Helmholtz free energy with respect to the void fraction is shown to provide a criterion that can be used to derive the stability regions of liquids under tension. This analysis allows us to define a clear criterion for the "bubble inception conditions" that we define as the conditions in which bubble expansion is energetically favored. A similar concept is indeed used in the crevice model 15 to investigate the stability of bubbles attaching to walls. This paper exploits this property to gain new insight into the stability of multibubble systems and to investigate the impact of two parameters not considered in previous studies on the process of bubble inception: the effect of the initial gas content and polydispersity. The approach proposed in this paper can also be used for the prediction of the evolution of the void fraction and system's pressure in cavitating flows, thus allowing to estimate the energy exchanges produced between the bubble cloud and its environment. The simplicity of the method should serve to characterize complex systems containing several bubbles where more complete analyses taking into account dynamic effects become cumbersome and the results difficult to interpret.
II. STABILITY ANALYSIS
This paper discusses the stability of different bubbly liquid flows using the concept of the system's potential energy ψ. Provided a state given by a set of independent variables x, we determine how the system evolves when we introduce a small perturbation in the void fraction, β, which is also translated into a perturbation in the bubble volume. According to classical thermodynamics, when ∂ψ ∂β ≥ 0, the system tends to minimize the energy by reducing the volume, that is, compressing the bubbles. Otherwise bubbles expand without any extra source of external energy in order to reduce the total system's energy and a sudden bubble expansion and liquid evaporation occurs. Thus, we define as "bubble inception conditions" the set of x equilibrium points ( ∂ψ ∂β = 0) for which
The investigation of the general problem is too involved. For that reason, in this work we restrict ourselves to systems under tension with spherical nuclei whose mass of insoluble gas remains constant along the process. The choice of the system's potential depends on the situation considered. For instance, the Gibbs free energy is typically used to investigate the stability of systems at a fixed pressure and temperature, whereas the Helmholtz free energy F is used for processes at constant temperature and volume. In a bubble cloud, we expect the effective pressure felt can be influenced not only by the external pressure disturbance, but also by the surrounding bubbles. In other situations, such as a bubble inside a cavity whose volume can be modified, the bubble can influence the pressure of the entire system. Assuming that pressure variations are externally induced in the system with a frequency ω much smaller than the bubble natural frequency ω b , any influence of either the surrounding bubbles or of the domain boundaries is relevant for nondimensional distances smaller than 1, We consider situations where we decrease the system's pressure until reaching inception. When the critical point is reached, pressure quickly recovers to a new equilibrium value, which typically is around the liquid vapor pressure. The choice of the Helmholtz free energy is made consistent with the assumption that the process is isothermal. This assumption is justified for states before inception, where the bubble temperature variations do not have an appreciable impact on the system's temperature. 15 After inception occurs, this hypothesis may be questionable since the temperature variations mostly inside the bubbles are expected to be important. In any case, one must keep in mind that the free energy is defined for the entire system and therefore, while the averaged system's temperature variations are small, this assumption is still representative of the overall system's response. Thus, the Helmholtz free energy is expected to be a suitable potential not only before inception, but also during the first moments after inception when the void fraction still remains relatively low. For very large void fractions, thermal effects and also mass transfer effects may be relevant and further extensions of the current approach would be required.
The Helmholtz's free energy variations can be obtained from the integration along reversible paths from a reference equilibrium state at constant pressure p 0 as
where V 0 is the volume of the bubbly liquid system initially in equilibrium and p represents the perturbed state of the system with respect to its equilibrium state, such that p = p − p 0 . This definition is important in order to ensure that the reference state of the bubbly liquid at p 0 is in equilibrium with its environment before applying any external force on it.
Pressure and volume are linked through the state equation. For single phase flows, the state equation is usually simple if we assume some idealized behavior (ideal gas, incompressible liquid, etc.). For mixtures, one possibility is to compute the energies involved in each phase separately, where the state equation and density and pressure variations are linked through the definition of the speed of sound. For a system with N b bubbles, the total volume can be computed as the sum of the liquid volume, V l and the sum of all individual bubble volumes, V b,i . Following Fuster and Colonius, 22 we choose as a representative pressure for the system the liquid pressure. Thus,
For a control volume with a given mass of liquid M l , we can relate volume and pressure variations through the definition of the speed of sound dp l = c 
where we have neglected mass transfer effects between the two phases as a first approximation. Because we place ourselves in the case of slow perturbations, the system and the bubble pressure have time to reach mechanical equilibrium and the sequence of possible equilibrium states given by Laplace's equation. For every individual bubble present in the system, we write
where σ is the surface tension and R i is the radius of the ith bubble. We remark that in addition to not considering mass transfer effects, we have also neglected the viscous stresses at the interface, which for small bubbles implies that p l μ lṘ /R i , where μ l is the liquid viscosity. Writing the characteristic bubble interface velocity as a function of the forcing frequency, f, and the bubble oscillation amplitude R,Ṙ ≈ R f , the analysis presented here is restricted to situations where f p l R 0 /( Rμ l ), which is expected to be valid due to the small bubble radius variations before inception occurs. Assuming that the mass of gas and the number of bubbles remains constant along the process, the bubble pressure can be expressed as a function of the bubble radius as
where p g, i0 is the partial pressure of the insoluble gas contained in the ith bubble in equilibrium with the surrounding medium at p 0 and T 0 and κ is the effective polytropic coefficient. Using Eqs. (1) and (2) it is possible to relate bubble pressure variations and bubble radius variations dp
The number of bubbles present in the system can be obtained from the void fraction definition
where n represents the number of bubbles per unit volume. The equation above defines the void fraction of the system in terms of the averaged radius which is usually obtained as
where f (R) is assumed to be known. The system formed by Eqs. (1), (3) and (4) can be solved to obtain the evolution of the system potential as a function of the void fraction for a constant mass of immiscible gas. In Secs. II A and II B, we considered some simplified situations in order to gain more insight about the influence of different parameters characterizing the initial population of bubble nuclei.
A. Monodisperse bubble nuclei distributions
Let us consider a monodisperse bubble cluster in initial equilibrium made of bubble nuclei with radius R 0 and initial concentration of bubble nuclei β 0 , both parameters defined at the reference pressure p 0 and temperature T 0 . Taking a system of volume V with N bubbles of the same radius R, the Helmholtz free energy takes the form
where we have imposed that the bubble response is isothermal (κ = 1). This expression contains the different energies present in the system, namely, the elastic energy stored in the liquid phase, the elastic energy in the gas, and the surface energy stored at the interface. In Secs. II A 1 and II A 2, we discuss the stability of the system as a function of the concentration of gas in the system.
The dilute limit
When the void fraction is low enough (β → 0) the Helmholtz free energy of the system simplifies to
This expression for the elastic energy stored in the liquid is similar to that found by Landau and Lifshitz 23 for acoustic waves propagating in slightly compressible liquids and it reveals an important feature of dilute bubbly liquids under tension: the system's energy is mostly stored in the liquid as an elastic energy due to the liquid compressibility.
The equilibrium points of the system can be obtained setting to zero the first derivative of the potential with respect to the void fraction,
which defines three equilibrium points: one found at p = p 0 and other two obtained by imposing
For a monodisperse bubble cluster, we readily find that
Thus, the two additional equilibrium points are found to be Blake's radius and R = ∞. The stability of these points is discussed as a function of the sign of the second derivative. Consistent with the classical stability analysis from the Rayleigh-Plesset equation, Blake's radius is unstable (see Figure 1 ) whereas the point at R = ∞ is stable.
The discussion above proves that we can understand the Blake radius as a critical radius beyond which the system enters an unstable state in which bubbles expand and the system's pressure tends to recover the vapor pressure. Otherwise the system tends to recover its initial equilibrium position. This process resembles brittle fracture in solid mechanics, where the presence of initial micro-cracks induces the fracture of solids at small deformations. In the case of liquids, the relative deformation of the control volume can be directly attributed to the volume change induced by the bubble nuclei present in it. In reduced form, we can express this deformation as 2014) where β is the void fraction at every instant, β 0 is the void fraction in the reference state, and β c is the critical void fraction obtained using Blake's radius, R c , which can be explicitly expressed as
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This deformation is = 1 at the inception point and it grows monotonically with R/R 0 for the monodisperse case. The convenience of the definition of this new variable will become clearer when discussing the effect of polydispersity.
Stability of bubble clusters at large void fractions
In Blake's analysis, the only parameter related to the properties of the bubble nuclei initially present in the system is the bubble radius. However, it is desirable to study the influence of other global parameters. One of the advantages of the current approach with respect to the analysis of the single bubble case is that it can be also used to theoretically investigate the influence of parameters related to the initial population of bubble nuclei on the stability of the system, such as the initial air concentration β 0 . This finds interest in various applications. For instance, it is well known that the injection of air above a certain threshold value reduces the intensity of the shock waves, and thus the intensity of noise, generated during the process of bubble inception and later collapse in hydrofoils. 16, 17 From Eq. (5) it is easy to verify that the energy stored at the interface tends to stabilize the system. In the low concentration limit, when the critical void fraction β c is reached, the elastic energy released by the liquid provides the energy required by the interface to make bubbles grow without any source of external energy. However, the amount of interface elastic energy required is proportional to the amount of gas present in the system and therefore, there exists a critical gas void fraction for which the elastic energy released by the liquid is not compensated by the increase of elastic surface energy required at the interface. This effect can be clearly seen in Figure 2 , where we represent the evolution of the Helmholtz free energy for different initial concentrations of air. When increasing the amount of air and for extremely low concentrations, we expect the number of bubble nuclei present in the system to increase and therefore, the number of noise emitters. After a critical initial air concentration is reached, the system becomes stable in the sense that the bubble expansion is no longer energetically favored. Thus, while the number of bubble nuclei increases, the importance of dynamic effects is attenuated for given operational conditions. The critical concentration value obtained is relatively low and therefore the isothermal assumption still holds as the bubbles are not expected to have an impact on the averaged system's temperature. It is remarkable that the air concentration threshold for which air starts damping the noise emitted is consistent with the strong noise reduction experimentally observed by Reisman et al., 16, 17 where the injection of very low amounts of air is shown to significantly damp the noise generated during the bubble inception. An estimation of the initial bubble concentration required to stabilize the process of bubble inception can be obtained as follows. Because the elastic energy stored in the gas phase is usually negligible, the critical void fraction (β c ) is given by the balance of the tension energy and the energy stored at the surface. For small bubble nuclei where the absolute value of the critical tension is larger than the reference pressure, the surface tension term becomes more important than the maximum elastic energy stored in the liquid phase during the tension stage for initial void fractions larger than a critical void fraction β * 0
B. Polydisperse bubble nuclei distributions
Section II A has derived expressions for the monodisperse case. However, in practical applications the bubble distribution is polydisperse. When the bubbles initially present in the system have different sizes, p l must verify the Laplace equation (1) of every bubble in the system. Thus, the system's pressure is indeed governed by the largest bubble in the system given that it imposes the most stringent condition at a given void fraction. To illustrate this mechanism, Figure 3 represents the evolution of a system with a discrete bubble nuclei distribution of 0.5, 1, 2, and 4 nm, respectively. When starting decreasing the system's pressure, all bubbles expand (state 1), the minimum achievable pressure being the critical pressure of the largest bubble (state 2). From this point on, it is no longer possible to decrease the system's pressure in an infinitely slow experiment given that the largest bubble tends to expand and to make the system's pressure recover (states 3 and 4). When the largest bubble starts expanding, the surrounding bubbles tend to contract given that they have not reached their corresponding Blake's radius. This phenomenon makes possible the appearance of multiple equilibrium pressures for void fractions lying inside a specific range. Note that this situation is different from the monodisperse case, where void fraction and bubble radius are always proportional. In the polydisperse case, the volume increase of the largest bubble may not compensate the volume compression of the rest of bubbles considered in the system.
To obtain the correct evolution of the system's pressure as the void fraction varies, one needs to solve for the complete set of Laplace's equations applied to every single bubble plus the equation defining the global void fraction. For systems with a known bubble radius distribution, it is possible to solve for this system of equations as follows. We discretize the bubble radius distribution in N subintervals. Then we increase progressively the radius of the largest bubble present in the system For reference, we show a sequence of mechanical equilibrium states (from 1 to 4) and the corresponding equilibrium pressure and bubble radius for the largest bubble present in the system (R 0 = 4 nm with dots) and for a 2 nm bubble (squares). In a system with bubbles of different sizes, all bubbles expand when the system's pressure start decreasing (state 1). At the largest bubble Blake's radius, the pressure pass through a minimum (state 2). After this point, the pressure of the system recovers as the largest bubble expands (states 3 and 4). As the Blake's radius for small bubbles is not reached, these bubbles compress when the system's pressure recovers (states 3 and 4).
042002-8
Fuster, Pham, and Zaleski Phys. R max . The Laplace equation is assumed to hold for every bubble, and in particular for the largest bubble, therefore, for a given R max we work out the corresponding equilibrium pressure using the Laplace equation (1) . Once the pressure is obtained we solve for the bubble radius of the rest of bubbles present in the system using the Laplace equation applied to each bubble. Note from Figure 3 that for a given pressure the Laplace equation may have two possible equilibrium radius as solution. Thus, an iteration procedure is used where we use as an initial guess the radius from the previous equilibrium state. Finally, the void fraction in the system is computed applying Eq. (4). This procedure allows us to obtain p(β), which can be taken as a prediction of the evolution of the system's pressure as a function of bubble concentration, and also the evolution of the system's potential energy. As it is often the case in physics, potential energy arguments may predict the evolution of real systems in some cases, but of course not in all of them. In real systems, potential energy is exchanged with kinetic energy making the analysis significantly more complex. The comparison between the system's potential solution and the response of more elaborated models including dynamic effects and also experimental data should clarify which effects and in which conditions the phenomena captured by simple potential analyses can help to interpret the response of complex systems.
As an example, we consider the response of a system with an initial bubble distribution obeying the following law:
where
is the maximum radius present in the liquid, a is a measure of the dispersion of the bubble distribution, and Q is a correction factor introduced to satisfy that the integral of the probability distribution is one. We chose a = 0.7, R re f 0 = 10 nm, and R max 0 = 100 nm and we compute the evolution of the pressure, energy, and void fraction of a system in mechanical equilibrium. Figure 4 depicts the system's Helmholtz free energy and the system's pressure versus void fraction. As for a single bubble, the system undergoes a tension stage along which the system's energy increases. When the largest bubble in the system reaches its critical radius (point A in Figure  4 ), the equilibrium pressure of the system, imposed by the Laplace equation at every bubble, starts to recover. In this case, although the largest bubble expands, the total volume of the system decreases due to the compression effect induced by the rest of bubbles that have not reached their critical radius. Thus, the void fraction and energy decrease down to point B. As the pressure is recovered, the gas volume increase induced by the largest bubble overcomes the compression experienced by the rest of the bubbles.
The curves obtained display a clear energy jump once the critical point A is reached. At this point, a differential increase on the system's volume (or void fraction) releases an important amount The maximum tension required to induce inception is controlled by the largest bubble and therefore it remains constant. The energy released at the inception point decreases as the averaged radius in the distribution increases.
of the elastic energy contained in the liquid. The energy jump can be obtained as a difference between the elastic energy of states A and C. The tension at which inception occurs increases as the largest bubble radius in the system decreases (R max 0 ). That is, the energy stored at inception does not depend on the averaged properties of the bubble nuclei population present in the system, but on the size of the largest bubble contained in the system. However, the statistical properties of the bubble nuclei population do have an impact on the amount of energy released after inception. In this case, the initial bubble nuclei distribution and the ratio between the maximum radius and the averaged radius R max 0 /R 0 control the amount of energy released. As shown in Figure 5 , the larger this ratio, the stronger the potential energy jump.
It is convenient to define a critical value for the Helmholtz free energy as the liquid's elastic energy stored at point A ( F c = F A ), which is defined by the liquid's elastic energy at the Blake's radius of the largest bubble contained in the system. The corresponding void fraction at point A is then obtained by working out the equilibrium radius of all the bubbles contained in the system. This void fraction is used as a critical value (β c ) to define the relative deformation of the system using Eq. (6). The new normalized plot shown in Figure 6 resembles to standard diagrams of brittle fracture in solids. Beyond a critical deformation, which is small, fracture occurs and a phenomenon of snap back is observed depending on the internal structure of the material. In liquids, the relevance of this phenomenon is controlled by the polydispersity function of the bubble nuclei and therefore, we expect this function to play an important role on the energy released once the bubble inception point is reached. It is also important to emphasize that the system's energy jump appears irrespective of the initial gas concentration (Figure 7) . That is, although the initial amount of air still has a stabilizing effect in real applications, we will observe a sudden energy release once the cavitation threshold is reached due to polydispersity. This effect appears irrespective of the initial air concentration.
III. CONCLUSIONS
This work presents a novel analysis on the stability of multibubble systems. Using the derivative of the system's Helmholtz free energy with respect to the void fraction, we define the bubble inception conditions as the equilibrium states in which the bubble expansion is energetically favorable.
The current approach recovers the Blake threshold radius for the limit of a single bubble. For systems of multiple bubbles, the analysis reveals that the initial amount of air present in the system has a crucial impact on the stability properties of the system. For monodisperse systems, there is a critical concentration of gas above which the bubble expansion is no longer favorable. This value depends on the initial bubble radius and surface tension.
In addition, this analysis also reveals the importance of polydispersity in the process of sudden bubble expansion. The presence of bubbles of different sizes controls the amount of the liquid's elastic energy released after inception occurs. This effect turns out to occur irrespective of the initial amount of air.
